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We can obtain the dual statements of the following discussion, but we shall not write them as a rule to avoid double descriptions. Let 5 be a subset of L. Then it is clear that there exists a least join-congruence on L under which all the elements in 5 are contained in the same congruence class. We simply say that this is the join-congruence on L generated by 5 and denote it by 0(5, VJ). Dually, we can define the meet-congruence on L generated by 5 and denoted by 0(5, P\). A join-congruence on L generated by an ideal of L is called a lower join-congruence on L, and a meet-congruence on L generated by a dual ideal of L is called a lower meet-congruence on L. Especially, a join-congruence on L generated by a principal ideal of L is called a principal join-congruence on L, and a meet-congruence on L generated by a dual principal ideal of L is called a principal meet-congruence on L.
Preliminaries. Let
We denote by b/a the closed interval {x\ a < x < b], and we denote by b/ and /a the principal ideal {x\ x < b] and the dual principal ideal {x\x > a}, respectively. 
If I is a principal ideal m/, then the condition (1) may be replaced by
Proof. Let <j> be such a relation on L that a =^ b if and only if there exists an element n in I satisfying a^J n = bVJ n. Then it is easily verified that <j> is a join-congruence on L. If x and y are contained in 7, then xUj Ç / and x VJ (x KJ y) = y U (x U y) ; thus, x = 0 3/. Hence, all the elements in I are contained in the same congruence class of <j>. Since 6(1, KJ) is the least joincongruence under which all the elements in I are contained in the same congruence class, we have 6(1, U) < <£, i.e., if a and 6 are congruent under 6(1, \J), then there exists an element n in I satisfying aVJ n = b U n. This completes the proof of the necessity.
Conversely, let a and b be elements in L such that there exists an element n in I satisfying a U n = b KJ n. Then we have
Hence a and Z> are congruent under 6 (1, \J) . This completes the proof of the sufficiency.
Finally, if J is a principal ideal m[, then it can easily be verified that the conditions (1) and (2) are equivalent, completing the proof. Let 6 and <j> be two equivalence relations on a lattice L. 6 and 4> are said to be permutable if and only if 6 and <£ satisfy the following condition for any elements a, b, and c in L:
It is obvious that <£ and 6 are permutable if and only if 6 and </ > are permutable. We say that 6 is up-permutable to 0, or that <j> is down-permutable to 6, if and only if 6 and <£ satisfy the following condition for any elements a, b, and c in L: It is obvious that if 6 and <£ are permutable, then 6 is up-and down-permutable to (j). As for the converse of this fact, we can assert the following theorem concerning /-congruences: Therefore, 6 and <£ are permutable, completing the proof. The implication (6) => (7) is obvious. We have to prove that (5) => (6) and (7) =* (5). Similarly, we have y \J n = b^J n. Hence, by Theorem 1,
Characterizations of modular, distributive, and relatively complemented lattices.

Proof of (5) => (6). Suppose that
Therefore, 6(1, W) and 6(J, \J) are permutable, completing the proof.
Proof of (7) => (5). Let m, n, and a be elements in L satisfying a > n, a U m = n\J m, and a C\ m = n C\m. Then it is sufficient to prove that a = n. By Theorem 1, n C\m =0( n /,u) n =0o»/,u) #• Hence, by (7), there exists an element x in L satisfying Hence, x < m and x < a; whence, x < a P m. Therefore,
Thus, a = n, completing the proof. The implication (12) =» (13) is obvious.
Proof of (11) => (12). Let 6 and <j> be any join-congruence and any meetcongruence on L, respectively. Now suppose that a, b, and c are elements in L satisfying a < b < c. By Therefore 6 is up-permutable to $, completing the proof.
Proof of (13) =» (11). Suppose that a, b, and c are elements in L satisfying a < b < c. Then by Theorem 1,
